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Abstract 

We study the Abel-Jacobi map for bisections of a certain rational elliptic surface. 
As an application, we construct examples of Zariski A-plets for conic arrangements. 



Introduction 

In this article, we study the geometry of bisections and the Able-Jacobi map for them on 
rational elliptic surfaces. We apply our result to construct certain conic arrangements and 
to study the topology of the conic arrangement via Galois covers. As an application, we give 
examples of Zariski _/V-plets. 

Let ip : S — > C be an elliptic surface over a smooth projective curve C with a section O 
such that no (—1) curve is contained in any fiber and p has at least one degenerate fiber (see 
§1 for terminologies on elliptic surfaces). We denote the set of sections of <p by MW(5). The 
following facts are well-known: 

(I) By regarding O as the zero element and considering fiberwise addition, MW(S) becomes 
an abelian group. We denote its addition and the multiplication-by-m-map by + and 
[m], respectively. 

(II) Abel's theorem. Let D be a divisor on S and put d = DF, where F is a fiber of 
tp. There exists a unique section s(D) (the image of the Abel-Jacobi map) such that 
D — s(D) — (d— 1)0 is algebraically equivalent to a divisor whose irreducible components 
are all in fibers of p. 

From these facts, by identifying a section and its image, we immediately observe the 
following: 

(a) Given Si,s 2 € MW(5), then we have new curves Si+s 2 and [m]si (i = 1, 2) on S. 

(b) Given a divisor D, then we have a new curve s(D) on S. 
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In |14j . we make use of observation (a) in order to study Zariski pairs for conic- line 
arrangements. In this article, however, we study the relation between D and s(D) in ob- 
servation (b) in the case where S is a rational elliptic surface with an I2 fiber and I? is a 
bi-section in order to give conic arrangements with prescribed conditions. 

We now explain our main result. Let Q be a reduced plane quartic curve. Q can be 
reducible, but we will assume that Q has a component of degree greater than or equal to 
2. Let S" be the double cover of P 2 branched along Q and S the canonical resolution of 
the singularities of S" (see [I] for the canonical resolution). Let p\ and P2 be general points 
on a component of Q with degree > 2. We will denote the inverse images of pi and P2 
in S by the same symbol. The pencils of lines through pi (i = 1,2) give rise to pencils of 
elliptic curves through pi on S. By resolving the base points of each pencil we obtain rational 
elliptic surfaces ip Pl : S Pl — > P 1 and (p P2 : S P2 — > P 1 . The resolution maps will be denoted by 
(J-i '■ S Pi — > S. Each fii is a composition of two blowing ups. 




S" - — S 



2:1 




P 2 s P2 

The exceptional divisor of the second blowing-up of [i\ (resp. (12) gives rise to a section 
of S Pl (resp. S P2 ). We will regard this section as the zero section and denote it by 0\ 
(resp. 2 )- By construction, S Pl and S P2 are rational elliptic surfaces that have the same 
configuration of singular fibers. 

Let Di,..., D m be divisors on S such that they do not pass through ]?i,f>2 and their strict 
transforms under \x\ (resp. ^2) give rise to sections of S Pl (resp. S P2 ). Let Si(Dj) denote the 
section corresponding to Dj on S Pi . Let Cj = Si(Z?i)+ • • • +Si(D m ). Put d — ^i(Ci) and 
let Ci be the strict transform of Ci under . (i 7^ j). For general p\ and p2, C2 becomes 
a multi-section of S Pl . Under this setting, we have: 

Theorem 1 Suppose that C2 7^ O2 and pi $ C2. Then 

s(C 2 )=C 1 . 

We apply Theorem [1] to study dihedral covers of P 2 whose branch locus is a conic ar- 
rangement and give some examples of Zariski iV-plets for conic arrangements. 
Let us first recall the definition of a Zariski iV-plet. 

Definition 2 An A^-plet of reduced plane curves (Bi,...,Bjv) in P 2 is said to be a Zariski 
iV-plet if it satisfies the following conditions: 

(i) For each i, there exists a tubular neighborhood T(Bi) of Bi such that (T(Bi),Bi) is 
homcomorphic to (T(Bj), Bj) for any 1 < i < j < N. 
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(ii) For any 1 < i < j < JV, there exists no homeomorphism from (P 2 , Bi) to (P 2 , Bj). 

The first condition can be replaced by the combinatorial type of each curve. If we denote 
the irreducible decomposition of Bi by Sj = + . . . + Cj,r 4 > the combinatorial type of B$ is, 
roughly speaking, determined by deg Ci j , the set of topological types of the singularities of 
Cij and how the irreducible components meet each other (For details, see pQ). 

The combinatorial type of the conic arrangement which we consider in this article is as 
follows: 

Definition 3 A reduced plane curve B consisting of (k + 2) irreducible conies is called a 
Namba-Tsuchihashi conic arrangement of type k (fe-NT arrangement, for short) if B is of the 
form Q + Ci + . . . + Ck satisfying the following conditions: 

(i) Q is a quartic consisting of 2 irreducible conies C', C" intersecting transversely. 

(ii) C , C" are tangent to Cj (j — 1, . . . , k). 

(iii) Ci and Cj (1 < i < j < k) intersect transversally. 

(iv) The singularities of B are only nodes and tacnodes, i.e, each component of Q is tangent 
to Cj (j = 1, . . . , k) at two distinct points and no three conies meet at one point. 

For B satisfying only the first two conditions, we call B a weak Namba-Tsuchihashi arrange- 
ment of type k (a weak fc-NT arrangement, for short). 

In [8J, Namba and Tsuchihashi give an example of a Zariski pair for Namba-Tsuchihasi 
arrangements of type 2. In this article, as an application of Theorem Q] and [IH Theorems 3.1 
and 4.1]) we generalize Namba-Tsuchihashi's example and prove the following: 

Theorem 4 Let y(k,3) be the number of Young diagrams with k boxes and at most 3 
rows. There exist y(k,3) k-NT arrangements B\, B y (k,3) such that no homeomorphism 
h : (P 2 , Bi) — > (P 2 , Bj) with h(Q) = Q exists for any i < j . In particular, they form a Zariski 
y(k, 3)-plet for k > 3. 

Remark 5 Professor Miles Reid told the second author that y(k, 3) can be computed by the 
orbifold Riemann-Roch formula. In fact, since y(k, 3) satisfies the recursive formula 



for k > 4, where [•] denotes the maximum integer not exceeding •, one can compute explicit 
formulas for y(k,3) as follows: 



The authors thank Professor Miles Reid for his comments. 

This article consists of 4 sections. We summarize some necessary facts on the theory of 
elliptic surfaces and dihedral covers in §1 and prove Theorem [T] in §2. In §3, we construct 
j/(fc,3) weak fc-NT arrangement and prove Theorem 3] in §4. 





^(fc 2 + 6fc+12) 
JJ(A + l)(fc + 5) 
±(k + 2)(k + 4) 



k 
k 
k 
k 



mod 6 



±1 mod 6 
±2 mod 6 
3 mod 6 
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1 Preliminaries 



1.1 Elliptic sufaces 
1.1.1 General Facts 

We first summarize some facts from the theory of elliptic surfaces. As for details, we refer to 

0- !, m and [mi. 

In this article, by an elliptic surface, we always mean a smooth projective surface S with 
a fib-ration p : S — > C over a smooth projective curve, C, as follows: 

(i) There exists a non-empty finite subset, Sing(y), of C such that tp _1 {v) is a smooth 
curve of genus 1 (resp. a singular curve )for v € C \ Sing(y) (resp. v € Sing(<p)) 

(ii) tp has a section O : C — > S 1 (we identify O with its image). 

(iii) tp is minimal, i.e., there is no exceptional curve of the first kind in any fiber. 
For v € Sing(yj), we put F v — tp~ l {v). We denote its irreducible decomposition by 

ra v — 1 
i=l 

where m v is the number of irreducible components of F v and 6 Uj o is the irreducible component 
with V flO = 1. We call V fi the identity component. The classification of singular fibers is 
well known([5]). Note that every smooth irreducible component of reducible singular fibers 
is a rational curve with self- intersection number —2. 

We also define a subset of Smg(</j) by Ked(p) := {v 6 Sing(y) | F v is reducible}. Let 
MW(S) be the set of sections of tp : S — > C. From our assumption, MW(5) ^ 0. By 
regarding O as the zero element of MW(S) and considering fiberwise addition (see [5J §9] or 
[131 §1] for the addition on singular fibers), MW(S) becomes an abelian group. We denote 
its addition by +■ Note that the ordinary + is used for the sum of divisors, and the two 
operations should not be confused. 

Let NS(5) be the Neron-Severi group of S and let T v be the subgroup of NS(5) generated 
by O, F and 0„,i (v £ Red (</?), 1 < i < m v — 1). Then we have the following theorems: 

Theorem 1.1 \1(K Theorem 1.2]) Under our assumption, NS(5) is torsion free. 

Theorem 1.2 (\1(A Theorem 1.3]) Under our assumption, there is a natural map ip : NS(<S) — > 
MW(5) which induces an isomorphisms of groups 

ip : NS(S)/T V S MW(S). 

In particular, MW(S) is a finitely generated abelian group. 

In the following, by the rank of MW(S), denoted by rankMW(5), we mean that of the 
free part of MW(S). For a divisor on S, we put s(D) = ip(D). Then we have 
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Lemma 1.3 (\lO f Lemma 5.1]) D is uniquely written in the form: 

rn v — l 

Dtt S {D) + {d-l)0 + nF+ Yl £ Ki®v,i, 

where rs denotes the algebraic equivalence of divisors, and d,n and b v> i are integers defined 
as follows: 

d — DF n=(d-l)x(O s )+OD-s(D)0, 

and 



( b v,l \ 




1 DO vA 


-s(D)Q v>1 


\ 


















- s(.D)6„, m „ 


-i / 



Here A v is the intersection matrix (@ Vl i&v,j)i<i,j<m v -l- 
For a proof, see [ID) . 

Also, in [10] , a Q- valued bilinear form ( , ) on MW(S) is defined by using the intersection 
pairing on NS. Here are two basic properties of ( , ): 

• ( s i s) > for Vs <E MW(S) and the equality holds if and only if s is an element of finite 
order in MW(S). 

• An explicit formula for (si,s 2 ) (si,s 2 € MW(5 1 )) is given as follows: 

(si,s 2 ) = x(Os) + SiO + s 2 - sis 2 - ^ Contr. u (si, s 2 ), 

vGR.cd(cp) 

where Contr„(si, s 2 ) is given by 

Contr u (si,s 2 ) = (si9„,i, . . . , si9„ )Tn ,,_i)(— A^) -1 : 

\ S2@v,m v -l 

As for explicit values of Contr„(si, s 2 ), we refer to [IDJ (8.16)]. 

• Let MW(S)° be the subgroup of MW(S) given by 

MW(5)° := {s e MW(S) | s meets 8„ )0 for Vv G Red(^).} 

MW(S)° is called the narrow part of MW(S). By the explicit formula as above, 
(MW(S)°, ( , )) is a positive definite even integral lattice. 
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1.1.2 Double cover construction of an elliptic surface 

We refer to [51 Lectures III and IV] for details. Let <p : S — > C be an elliptic surface. We 
can regard the generic fiber S v of ip as an elliptic curve over C(C), the rational function 
field of C, under our assumption. The inverse morphism with respect to the group law on 
S v induces an involution [— 1} V on S. Let S/{[—i\ v ) be the quotient by [— 1} V . It is known 
that S/([— is smooth and we can blow down S/{[— to its relatively minimal model 
W over C in the following way: 
Let us denote 

• / : S —t S/([— the quotient morphism, 

• q' : S/{[— — > W: the blow down, and 

• S A- S' A W: the Stein factorization of q' o /. 
Then we have: 

1. The branch locus Af> of /' consists of a section Ao and a trisection T such that 
its singularities are at most simple singularities (see [2J Chapter II, §8] for simple 
singularities and their notation) and Ao n T = 0. 

2. A + T is 2-divisible in Pic(W). 

3. The morphism /i is obtained by contracting all the irreducible components of singular 
fibers not meeting O. 

Conversely, if A and T on W satisfy the above conditions, we obtain an elliptic surface 
ip : S — > C, as the canonicalresolution of a double cover fiS'—t-W with A*/ = A + T, 
and the diagram (see [J] for the canonical resolution): 

S' ^— S 

4 l> 

w < w. 

<?' 

Here q is a composition of blowing-ups so that W = S/ ([— LL). Hence any elliptic surface is 
obtained in this way. In the following, we call the diagram above the double cover diagram 
for S. 

In the case when S is a rational elliptic surface, W is the Hirzebruch surface, £2, of degree 
d = 2 and Aft is of the form A + T, where A is a section with Aq = —2 and T ~ 3(A + 2f), 
f being a fiber of the ruling E2 — > P 1 • 

Remark 1.4 • For each v € Sing(c/?), the type of </? _1 (i') is determined by the type of 
singularity of T on f„ and the relative position between f„ and T (see Table 6.2]). 

• Let o j be the covering transformation of /. We can check that o~f coincides with [— l] v 
and how [— l] v acts on irreducible components of singular fibers (see |14[ Remark 3.1 
(i)D- 



G 



1.2 Dihedral Covers. 



1.2.1 Branched Galois covers 

We first explain our terminology for Galois covers. For normal projective varieties X and 
Y with finite morphism tt : X —> Y, we say that X is a Galois cover of Y if the induced 
field extension C(X)/C(Y) is Galois, where C(») denotes the rational function field of Y. 
Recall that the Galois group Gal(C(X) /C(Y)) acts on X such that Y is obtained as the 
quotient space with respect to this action (c/. [HI §1]). If the Galois group Gal(C(X)/C(Y)) 
is isomorphic to a finite group G, we simply call X a G-cover of Y. The branch locus of 
7r : X — > Y, which is denoted by A T or A(X/Y), is a subset of Y consisting of points y of 
Y, over which tt is not locally isomorphic. It is well-known that A w is an algebraic subset of 
pure codimension 1 if Y is smooth f[15j). 

Now assume that Y is smooth. Let B be a reduced divisor on Y and we denote its 
irreducible decomposition by B — J2l=i We say that a G-cover tt : X — > Y is branched 
at y?., eiBi if (i) A n = B (here we identify B with its support) and (ii) the ramification 
index along Bi is for each i, where the ramification index means the one along the smooth 
part of Bi for each i. Note that the study of G-covers is related to that of the topology of 
the complement of B, as the proposition below holds: 

Proposition 1.5 ([1, Proposition 3.6]) Under the notation as above, let 7, be a meridian 
around Bi, and [73] denote its class in the topological fundamental group wi(Y \ B,p Q ). If 
there exists a G-cover tt : X — > Y branched at e\B\ + • • • + e r B r , then there exists a normal 
subgroup of tt\{Y\ B,p a ) such that: 

(1) [%} e * G H„, [ 7l ] fe g H„, (1 < k < e, - 1), and 

(11) 7T 1 (Y\B, Po )/H w ^G. 

Conversely, if there exists a normal subgroup H of -K\{Y \ B,p D ) satisfying the above two 
conditions for H^, then there exists a G-cover tth '■ Xh —> Y branched at e\B\ + • • ■ + e r B r . 

For G-covers n\ : X\ — > Y and 112 : X2 — > Y, we identify them if there exists an isomor- 
phism $ : Xi — > X2 such that iri = $ o n 2 - Under the same notation as in Proposition II .51 
Put 

• Cov(y, B,G) := the set of isomorphism classes of G-covers tt : X — > Y such that 

C B, and 

• Covft(y, ei 1 Bi 1 +. . .+ei^Bi s , G) := the set of isomorphism classes of G-covers tt : X ^> Y 
branched at e^B^. Here we only assume that Supp(^ J e^Bi.) C B. 

Note that if Supp 1 , I', j C B then Covb(F, e il B il + . . . + e is B is , G) is a subset of 
Cov(y, B, G). By Proposition [T3J we have the following: 

Proposition 1.6 We keep the notation in Proposition \1.5\ Let Bi (i — 1,2) be reduced 
divisors on Y . Let their irreducible decompositions be denoted by B^i + . . . + Bi tTi (i — 1,2). 
If there exists a homeomorphism h from (Y,B\) to (Y, B2) such that h(Bij) — B^,j (j = 
l,...,ri(= ^2)), then there exists a one-to-one correspondence between Covb(Y, e^Bi^ + 
. . . + e is B ljis ,G) and Cov b (Y, e il B 2 A 1 + ■ . . + e is B 2 ,i s ,G) 
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1.2.2 Z)2n-covers 

We here introduce notation for dihedral covers. Let D 2n be the dihedral group of order 2n. 
In order to present D2 n , we use the notation 

D 2n = (a,T\<7 2 =r n = (<jt) 2 = 1). 

Given a Z^n-cover, we obtain a double cover, D(X/Y), of Y canonically by considering the 
C(X) r -normalization of Y, where C(X) T denotes the fixed field of the subgroup generated 
by r. X is an n-fold cyclic cover of D(X/Y) and we denote these covering morphisms by 
/3i(tt) : D{X/Y) -> Y and (3 2 {-k) : X -> D(X/Y), respectively. 

1.2.3 Elliptic surfaces and Z?2p-covers of E^ 

Let ip : S — > P 1 be an elliptic surface. As for the double cover diagram for S, we have the 
following: 

• W is the Hirzebruch surface, E^, of degree d = 2x(Os). Hence d is always even. We 
denote W by E d . 

• Af is of the form Ao + T, where Ao is a section with Aq = —d and T ~ 3(Ao + df), f 
being a fiber of the ruling Ed — > P 1 . 

In previous articles, [121 114] . we studied p-cyclic covers (p: odd prime) g : X — > S such 
that / o g : X — > Ed gives rise to a D2 P -cover of E^. One of the main results is as follows: 

Theorem 1.7 \14\ Theorem 3.1] Let C be a reduced divisor on S such that 

• all irreducible components C'i of C = Cj are horizontal with respect to the elliptic 
fibration (i.e., any irreducible component is not contained in any fiber), and 

• C and a*jC have no common component. 

Then there exists a p-cyclic cover g : X — » S such that 

(i) A g = C + o~*fC + 3 + where S is effective divisor on S such that irreducible 

components of 5 are all vertical and there is no common component between H and 

/ 

(ii) fog : X — > Ed is a D2 P -cover o/E^ such that D(X/Hd) = S, /3x(tt) — f and ^2(1") = 9- 
if and only if the following condition holds: 

Let s(Ci) = ip(Ci) (i = 1, . . . , r). There exist integers dj (i = 1, . . . , r) such that 

• 1 < a, < p (i = 1, . . . , r) and 

• X)i=i[ a i] s (Cj) is p- divisible in MW(S), ie., 

r 

J^kMCi) e W MW(5) := {[p]s I s e MW(5)}. 

i=l 
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Corollary 1.8 Suppose that p /fMW(S)t or and C consists of two components C± and C 2 . 
Then there exists a p-cyclic cover as in Theorem \1.7\ if and only the images of s(C\) and 
s(C 2 ) are linearly dependent in MW(S) <g> Z/pZ. 

Corollary 1.9 Suppose that p /fMW(5) t0 r and C consists of two components C± and C 2 . 
Then there exists a D 2p -cover of branched at 2Af + f{C) if and only the images of s(C\) 
and s{C2) are linearly dependent in MW(iS) ® Z/pZ. 

2 Proof of Theorem [I] 

We keep our notation from the Introduction. Note that each surface S Pi has a singular fiber 
of type I2 whose components arise from the exceptional divisor of the first blow up in fj,i 
which meets Oi and the strict transform of the tangent line l Pi of Q at p{. We will denote 
these components by Pi! o an d &p it i- All the other reducible singular fibers arise from the 
exceptional sets of the resolution S — > 5", hence they are in 1 to 1 correspondence with the 
singularities of Q. We will denote their components by Q v ,i where v € Sing(Q). We will use 
the same symbol Q v _i for these components on both S Pi . 

Let D 1 = si(D\) + ■ ■ ■ + S2(D n ). Note that the sum taken here is regarded as a sum 
of divisors on S Pl . Then since the Abel-Jacobi map "0 is a homomorphism, ipi(D') = 
si(Di)+ ■ ■ ■ +si(D n ) = C\. Hence by Lemma H. 31 we have the equivalence 

m v — 1 

D' ~ (Ci) + d(Oi) + nFi + aQ PlA + 

P1 «eSing(Q) i=l 

Where ~ denotes linear equivalence of d ivisors on Sp 1 . 

S P1 

Similarly for D" = S2{D\) + ■ • • + S2(D n ), we have the equivalence 

m v — 1 

D" ~ (C 3 ) + d(O a ) + nF 2 + a6 P2 ,i + X) £ K&v,i- 

" 2 «GSing(Q) i=l 

Note that by construction of D',D", the coefficients d,n,a,b V! i are the same in both cases. 
Since = D% + ■ ■ ■ + D m = ^2*{D") and since linear equivalence behaves well under 

push-forward, we have 

ra v — 1 

Ci+nFi + a© pi) i + X X b v-i®v,i 

weSing(Q) i=l 

ra v — 1 

~ C 2 + nF 2 + a9 P2i i + ^ X bv,i®v,i 

j;eSing(Q) i=l 

where we denote the images of F{ and Q Pi ,i by the same symbols. Then since F\ ~ F 2 and 
6 Pli i ~ ©p 2 ,i, because they are inverse images of lines of P 2 , we obtain the equivalence 

C\ ~ C 2 . 

s 
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By pulling this equivalence back by fix, we obtain 

C 2 ~ Cx+aOi +/36 P1]0 

~ d + aOx + PF - PQ Pu1) 

for some integers a and /3. Hence by Theorem II .21 we have i\)(Ci) = C\. □ 

3 Construction for weak Namba-Tsuchihashi arrange- 
ments of type k and Z^p-covers 

Let Q be a quartic consisting of 2 irreducible conies intersecting at 4 distinct points. Let 
/" : S" -> P 2 be a double cover of P 2 with A/« = Q and let 

5" 5 
P 2 < P 2 . 

be the diagram for the canonical resolution of 5"'. Note that q : P 2 — > P 2 is a composition 
of blowing ups at the 4 nodes Sing(Q) = {Po, Px,P2, ^a}- We put f D — [i Q o /" — q a o f Q . We 
choose a point a; £ Q such that 
Assumption. 

(i) the tangent line l x at x meets Q at two other distinct points and 

(ii) no tangent line at Sing(Q) passes through x. 

Note that these conditions imply that i is on a component of Q having degree greater 
than or equal to 2. 

The pencil of lines through x gives rise to a pencil of curves of genus 1, A x , on S. By 
resolving the base points, \i x : S x — !• S, of A x , we have a rational elliptic surface ip x : S x — >• P 1 . 

By our choice of x, ip x has 5 singular fibers of type I2. Let L\^Li and L3 be lines 
through {P , Pi}, {P , P 2 } and {P , P 3 }. For each L iy ^i* Li is of the form Lf + LJ. By our 
construction, SL t '■— l^x-^t ^ s a section with (sL i7 SLi) — 1/2 for each i. Thus, by labeling 
the singular fibers suitably, we may assume that SL t (i — 1,2,3) meet the singular fibers as 
follows: 
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Here Oi.i is the component arising from l x . Put Si :— [2]sx 4 . By [51 Theorem 9.1], we 
infer that SjO = (i = 1, 2, 3). Hence we have 

2 (t = l,2,3) (si,Si)=0 (l<t<i<3). 

Hence MW(S)°(= A® 3 ) = Z«i Zs 2 Zs 3 , where MW(5)° denote the narrow part of 
MW(S). 

Lemma 3.1 Lei Q and x £ Q be as above. There exists exactly 3 conies d,xid,x andCz.x 
through x such that (i) d. x does not pass through Pq,P\,P2 and P3 for each i and (ii) for 
each z £ d,x H Q, the intersection multiplicity at z , I Zo (Ci tX , Q) is even. 

Proof. Put Ci. x := f D o /x x (sj) = f a o fj, x ([-l]si) (i = 1,2,3). Since s 4 £ MW(S)°, s< always 
meets the identity component of a fiber for each i. For each i, Ci :X passes x and meets a 
general line through x at another point distinct from x. Hence is a smooth conic. Since 
Si =/= [— l]si, for each z £ Ci tX n Q, the intersection multiplicity at z Q , I Zo {Ci, x , Q) is even. 

Conversely, any conic C satisfying the conditions gives rise to sections sc, [— l]sc £ 
MW(5)° with (s c ,sc) = ([-l]sc, [-l]sc) = 2. Thus C is one of d,x (i = 1,2,3). □ 

Lemma 3.2 Choose x,y £ Q satisfying the Assumption. Put Si tX = [2]sL iyX and Si yV = 
[2]si 4)3/ (i — 1,2,3), where SLi,x and SLi,y are the sections arising from (f ° Hx)*{Li) and 
(fo°Hy)*(Li), respectively. Putd, x = fofi x (si,x) andd, y = f°H x {si, y ) LetCf_ x (resp. C i>y ) be 
bisections on S y (resp. S x ) arising d,x (resp. d,y)- Then s(Cf, ') = Si :X or s(Cf y ) = [— l]si tX 
on MW(S X ) and s(C+ x ) = s i>y or s(C+ x ) = [-l]s i>y on MW(S y ). 

Proof. Our statement is immediate by Theorem [TJ □ 

Fix a positive integer k > 2 and take (fei, fe, fca) £ Z® 3 , with k\ > k<i > k% and k = 
k\ + k2 + fc3. Choose Xi (i = 1, . . . ,k) £ Q satisfying the Assumption. We consider k conies 
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C\, . . . ,Ck as follows: 

!/o ° i = 1, . . . , fci 

/o°fc(s2j i ) « = ^1 + 1, • ■ • , ^1 + k 2 

fo ° fixi(s3,xi) i = ki + k 2 + l, ...,k. 

Here we choose Sj yXi (j = 1,2,3) as in Lemma O Then Q + Ei=i C i 

is a weak fc-Namba- 

Tsuchihashi arrangement. 



Lemma 3.3 Let p be an odd prime. For d and Cj as above, there exists a Di v -cover of 
P 2 branched at 2Q + p{Ci + Cj) if and only if i,j £ {1, . . . , fci}, {fci + 1, . . . , ki + fc 2 } or 
{fci + fc 2 + l,...,fc}. 

Proof. Choose a general point x £ Q \ {x\, . . . , Xk\ satisfying the Assumption. Let ip x : S x —> 
P 1 be a rational elliptic surface as before and let 

S x 4 S x 



fL 
s 2 <- 



be its double cover diagram. By our construction of S x , we infer that there exists a compo- 
sition of blowing ups q x : £ 2 — > P 2 such that 

5" 5 S x 



4 I 



Let Ci be the strict transform of d with respect to q o q x . By considering the Stein 
factorization, there exists a -D 2p -cover of P 2 branched at 2Q + p(d + Cj) if and only if there 
exists a Z? 2p -cover of E 2 branched at 2A/ a; +p(Ci +Cj). Put f*d = c\ +C i . By our choice 
of Ci , we have 

{si iX or [-l]si,z if 1 < J < fci 

S2,x or [— l]s2, a if fci + 1 < 3 < ki + fc 2 
S3,x or [-ljsa.cc if fci + fc 2 + 1 < j < fc 

Hence by Corollary II .91 our statement follows. □ 
Let >ie X be the lexicographic order on Z®q (see [3]). Take (fci, fc 2 , k^), (k[, fc 2 , k' 3 ) G Z®q 
as in Lemma 13.31 such that (fci, fc 2 , k%) >\ ex (k[, fc 2 , fcg). Choose 

. ci l \...,cW for (fci,fc 2 ,fc 3 ), and 
. C?\...,dp for (fci,fc 2 ,fc^) 
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as above. Put Bi = Q + E^Cf 5 and B 2 = Q + Ei=i c f } - Note that both S i and #2 are 
weak /c-Namba-Tsuchihashi arrangements. 

Proposition 3.4 There exists no homeomorphism h : (P 2 ,Z?i) — > (P 2 ,^) swc/i i/iai /i(Q) = 
Q. 

Proof. Suppose that a homeomorphism h : (P 2 ,£?i) — > (P 2 ,^) exists. Put 

Since Cov fc (P 2 , 2Q + p(C x (1) +cj 1} ), D 2p ) + (j = 2,...,fei), by Proposition HH there exists 

at least (Jfe x - 1) cj 2) different form c£ 2) such that Cov h (P 2 , 2Q + p(C^ 2) + Cf £> 2p ) 7^ 0- 

As fci > fc^, we infer that k\ = k[ by Lemma \'S. 31 Similarly, since Cov;,(P 2 ,2<2 + p{Cj^ +1 + 

Cf ] ), D 2p ) ^ (j = fa + 1, . . . , fa + fa), there exists at least (fa - 1) cf ] different form 

such that Cov 6 (P 2 ,2Q+p(C 2 ( 2 2) + cf ) ),D 2p ) ^ and we infer that k 2 = k' 2 . This contradicts 
(fa,fa,k 3 ) >i ex (k[,k' 2 ,k' 3 ). □ 

Corollary 3.5 If both B\ and B 2 are k-NT arrangements for k > 3, then (Bi,B 2 ) is a 
Zariski pair. 

Proof. If both B\ and B 2 are fc-NT arrangements and k > 3, h(Q) = Q holds for any 
homeomorphism (P 2 , B x ) -> (P 2 , £ 2 ) • □ ■ 

4 Proof of Theorem |4] 

In this section we will construct y(k, 3) Namba-Tsuchihashi arrangements of type fe which 
form Zariski y{k, 3)-plets for conic arrangements. The main ingredient of the proof is an 
explicit method to calculate the equations of the conies that appeared in Proposition 13.41 
We keep the notation in §3. 

4.1 Explicit method in finding equations of bisections 

Let S be an elliptic surface over P 1 , whose generic fiber is given by a Weirstrass form y 2 — 
f(t,x). Note that the degree of / with respect to x, deg x f(t, x), is equal to 3. Consider 
a rational point P of the generic fiber of S with coordinates (x(t),y(t)). Let L be the line 
passing through P in A 2 ,^ defined by 

L:y = r{t){x-x(t))+y{t) 

for some r(t) 6 C(t). Then, since (x(t),y(t)) is a rational point of S and since L passes 
through (x(t),y(t)), the equation 

{r(t)(x-x(t))+y(t))} 2 -f(t,x) 

factors into the form 

{r(t)(x - x{t)) + y{t))} 2 - f(x, t) = (x - x(t))g(t, x). 
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Since deg^, g(t, x) = 2, the support of the intersection of L and g(t, x) — 0, viewed as rational 
functions of S over the field C, defines a bisection D on S, and by the definition of the 
Abel-Jacobi map, s(D) = —P. By varying r(i), we get a family of bisections V such that 
any Del? has the same image s(D) = — P under the Abel-Jacobi map. 

In general, r(t) can be any rational function in C(t) and hence T> becomes an enormously 
large family. We will find various useful strata of T> by restricting r(t). 

Note that the images of the bisections, obtained by the method above, in P 2 is defined 

by g(t>z) = 0. 

4.2 Construction of y{k, 3) Namba-Tsuchihashi arrangements of type 

k 

Let [T : X : Z) be homogeneous coordinates of P 2 and let t = T/Z and x = X/Z. Let 
Q : {XZ — T 2 + 2Z 2 ){X 2 - 2XZ + T 2 - 4Z 2 ) = 0, and z a = [0 : 1 : 0]. We will consider 
the elliptic surface S, as in §3, branched along Q with blow-up center z = [0 : 1 : 0]. The 
Weierstrass equation of S is 

y 2 = ( x - t 2 + 2)(x 2 - 2x + t 2 - 4). 

The singularities of Q consists of four nodes at {[±1, — 1, 1], [±2, 2, 1]} and we put Pq — 
[2, 2,1], Pi = [-1,-1,1],P 2 = [1,-1,1],P 3 = [-2,2,1]. Then the lines L U L 2 and L 3 in §3 
are given by L x : X - T = 0, L 2 : X - 3T + AZ = and L 3 : X - 2Z = 0, respectively. These 
lines gives rise to sections s l 1 , s^ 2 and sl 3 as in §3. Also the conic XZ —T 2 + 2Z 2 = gives 
rise to the two-torsion section, which we will denote by St. These sections are given explicitly 
as follows: 

s Ll = (t,V=2(i + l)(t-2)) 
s L2 = (3t - 4, >/=10(t - - 2)) 
,s L3 = (2,>/=T(t + 2)(t-2)) 
At = (t 2 + 2, 0) 

Put Si = [2] s^. Explicitly, si, s 2 and S3 are given as follows: 
«i=Q* 2 -2,-^(* 2 -4)) 
s 2 = f-t 2 -2,-^Ht(t 2 + 20)^) 

V 10 100 v V 

.S3=(^-^-^(4t 2 -19)) 

As we see in §3, each Si gives rise to a conic in P 2 that is tangent to Q at z a and three 
other points. The defining equation of the conic C\ (resp. C2, C3) corresponding to s\ (resp. 
s 2 , s 3 ) isCi : XZ-\T 2 + 2Z 2 = (resp. C 2 : XZ-±T 2 + 2Z 2 = 0, C 3 : AZ-T 2 + 2Z 2 = 0). 

By applying the method of finding the explicit equations of bisections whose image of the 
Abel-Jacobi map is [— l]si in 14.11 we obtain a family of bisections T>\ whose images in P 2 
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under f Q o \i Zo are curves given by gx tT (t,x) — 0, r € C(t) where 



,.2 



2 £ + (r 2 + 2) x + 2 r 2 + 4 



By specializing r to r — i i/— 2t — ai (ai G C), we obtain a sub-family X>i C Pi of bisections. 
The defining equations of the images under go / specialize to gi )0l (t, x), ai € C where 
9i, ai {t,x) is given by 



ffi, 0l (t, a;) = 1-2 - ^ J t 2 - sV=2ai - x 2 

By construction, any -Di j(1 € U± satisfies s(D ai ) = si. 

Similarly, by applying the same method to [— l]s2 and [— l]s3, we obtain families of bisec- 
tions T>2 (resp. T> 3 ) parametrized by 02 € C (resp. a3 g C) such that any .Dj i0j € Dj satisfies 
s{Di ai ) — Si (i — 2, 3) and the defining equations of their images in P 2 are given by 

112 3 

92,a 2 (t,x) = —a 2 2 t 2 - 10t 2 - — V^Wta 2 + 2a 2 2 - - V^Wxta 2 + a 2 2 x + 4 + 2 x - x 2 , 
10 5 5 

r \ 2 2 I? 2 2 / — r 2 57 , — - 5 2 161 17 2 

g3.a a (t,x) = -a 3 t + —a z +a 3 x- 3 V-la 3 t + — V -la 3 + - t~ - —— + — x - x 
4 4 4 16 4 

We will denote the image of Di :<li in P 2 by Cj )0< , which is defined by g%, ai {t-,x) = 0. 

Lemma 4.1 Under the notation above, the following statements hold: 

1. For i = 1,2,3 and general ai, Ci. ai is a smooth conic. In particular there are only a 
finite number of non-reduced members of T>i . 

2. For i = 1, 2, 3, there exist only a finite number of Ci_ ai passing through any given point 

p e p 2 . 

3. For i = 1,2,3, there exist only a finite number of dj such that Ci^ ai and Q have a 
intersection point with multiplicity > 4. 

4- For all {i,j} C {1, 2, 3} and any given o, € C such that Ci^ ai is reduced, there exist only 
a finite number of aj such that Cj^ aj and C^ ai do not intersect transver sally. 

Proof. Each statement can be proved by direct calculations. The computer algebra software 
MAPLE was used in the calculations. 

Lemma 4.2 Let k be an integer > 3 and k\,k 2 ,k 3 be non-negative integers such that k = 
ki + &2 + k 3 . Then there exists ct\, ■ ■ ■ , dh € C such that the configuration 

hi k\ + h'2 k 

i—l i—k\ + l i— fci+A'2 + 1 

becomes a Namba- Tsuchihashi configuration of type k satisfying the properties described before 
Proposition \3.4\ 

Proof. This follows directly from the previous lemma. 

By combining Theorem [TJ Lemma 14.21 and Proposition 13.41 we obtain Theorem |4] 



15 



References 

E. Artal Bartolo, J. -I. Cogolludo and H. Tokunaga: A survey on Zariski pairs, Adv. 
Stud. Pure Math., 50(2008), 1-100. 

W. Barth, K. Hulck, C.A.M. Peters and A. Van de Ven: Compact complex surfaces, 
Ergebnisse der Mathematik und ihrer Grenzgebiete 4 2nd Enlarged Edition, Springer- 
Verlag (2004). 

D. Cox, J. Little, D. O'Shea: Ideals, varieties and algorithms. An introduction to com- 
putational algebraic geometry and commutative algebra. 3rd edition, Springer- Verlag 
(2007). 

E. Horikawa: On deformations of quintic surfaces, Invent. Math. 31 (1975), 43-85. 

K. Kodaira: On compact analytic surfaces II, Ann. of Math. 77 (1963), 563-626. 

R. Miranda: Basic theory of elliptic surfaces, Dottorato di Ricerca in Matematica, ETS 
Editrice, Pisa, 1989. 

R. Miranda and U. Persson: On extremal rational elliptic surfaces, Math. Z. 193(1986), 
537-558. 

M. Namba and H. Tsuchihashi, On the fundamental groups of Galois covering spaces of 
the projective plane, Geom. Dedicata 104 (2004), 97-117. 

K. Oguiso and T. Shioda: The Mordell-Weil lattice of a rational elliptic surface, Com- 
ment. Math. Univ. St. Pauli 40(1991), 83-99. 

T. Shioda: On the Mordell-Weil lattices, Comment. Math. Univ. St. Pauli 39 (1990), 
211-240. 

H. Tokunaga: Dihedral coverings branched along maximizing sextics, Math. Ann. 308 
(1997), 633-648. 

H. Tokunaga: Dihedral covers and an elementary arithmetic on elliptic surfaces, J. Math. 
Kyoto Univ. 44(2004), 255-270. 

H. Tokunaga: Some sections on rational elliptic surfaces and certain special conic-quartic 
configurations, Kodai Math. J.35(2012), 78-104. 

H. Tokunaga: Sections of elliptic surfaces and Zariski pairs for conic-line arrangements 
via dihedral covers , to appear in J. Math. Soc. of Japan. 

O. Zariski: On the purity of the branch locus of algebraic functions, Proc. Nat. Acad. 
USA 44 (1958), 791-796. 

Shinzo BANNAI and Hiro-o TOKUNAGA 
Department of Mathematics and Information Sciences 
Graduate School of Science and Engineering, 
Tokyo Metropolitan University 
1-1 Minami-Ohsawa, Hachiohji 192-0397 JAPAN 
shinzo . bannai@gmail . com, tokunagaOtmu .ac.jp 



16 



